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Abstract —

We investigate the general problem of how the finiteness of a probing window

for measurements of the movements of a random walker can lead to spurious detection of
multifractality as well as to incorrect values of Hurst exponents, and propose a method for
correcting for these effects. We also study the case in which the roaming region of the walker
is itself of limited extent, when a nonlinear interplay occurs between the roaming area and the
window size. In the context of animal movements, we describe briefly an application of these ideas
to mark-recapture observations in a mouse population, of interest to the important topic of the

spread of the Hantavirus epidemic.

Copyright © EPLA, 2007

A classic problem in physics concerns the analysis of the
scaling properties of random walks [1-3]. Indeed, random
walks find wide application in diverse fields. They may
be simple, as in the case of Brownian diffusion [1,2], or
more complex, as in the case of anomalous diffusion [3].
Fractal analysis of these random walks aims at describing
in a quantitative manner scaling behavior observed in
physical [3], biological [3], ecological [4], physiological [5],
sociological [6] and economic [7] phenomena. Accurately
quantifying such scaling behavior helps since parallels may
be drawn among classes of processes where similar scaling
is observed. Our interest is in showing how interpreted
fractal dimensions of a random walk are modified when
observations are limited in space.

Spatially selective observations often arise in ecology
where a random walking animal strays beyond the spatial
region in which the experimental set-up allows detection,
e.g., the line of sight of a camera, a radio transmitter, a
microscope or a telescope. In ecological studies the linear
dimensions of the window may range from a few kilo-
meters, as in the study of tree diversity in a forest [8], to a
few hundred meters when observing animals via trapping
methods [9], to a few centimeters in the case of the motion
of microorganisms in sea water [10]. The measurements

are obviously limited by the sampled area in that data
gathered contain cutoffs beyond which no information
can be collected. Consequently, incorrect conclusions
might be drawn on the walker motion characteristics if
the effects of the window are not accounted for.

To study the effects of the finiteness of the probing
window, we consider a random walk that may be normal
or anomalous. We address the general case of fractional
Brownian motion [11], i.e., assume that the probabi-
lity distribution function of the walker, governed by a
diffusion equation with a time-dependent diffusion coef-
ficient [12] D(t), is P(x,t) = (mp(t))°/? exp(Sx?/p(t))
wherein p(t) =4 g D(t)dt . For simplicity, we consider
throughout this paper a walker in 1D space but our analy-
sis can be trivially extended to higher dimensions. We limit
our considerations to an algebraic dependence of D(t) on ¢,
D(t) = aD,t*>1, where D, is a generalized diffusion coef-
ficient of dimensions [Length]?[Time]®®, with 0 <a <1
for subdiffusion, 1 < o < 2 for (sub-ballistic) superdiffusion
and a =1 for normal diffusion.

To characterize the fractal dimension d of a random
walker we follow standard usage in the recent litera-
ture [13,14] and introduce a quantity known as the Hurst
exponent H [15] which is related [13] to the fractal

40004-p1



L. Giuggioli et al.

dimension via d=2 — H. The Hurst exponernt describes
the time evolution of the mean-square displacemern
of the walker: [ 22P(xz,t)dz= (z?)~t*". It is well
known that, if an arbitrary momert of the probability
distribution P(x,t) can be expressedin terms of the
mean square displacemen via (|z|%) ~ <m2>q/2 ~tH a
single (constant) scaling exponent H describesthe entire
process.In such a case,the motion is said to be monofrac-
tal. Simple Brownian diusion has a Hurst exponent H
equal to 1/2 while anomalousdi usion has H smaller for
subdi usion, 0< H < 1/2, and larger for superdi usion,
H>1/2. In cortrast to monofractals, the quartitativ e
description of multifr actal [16] random walks [17] requires
multiple scaling exponerts. Speci“cally, the higher and
lower momerts may not possessdentical scaling, so that
(|z|9) ~ " @ with the (generalized) Hurst exponent
being in such a case ¢g-dependert.

By comparing the ¢-th momernt of a random walker at
two dierent times (¢; >0 and ¢ >t;), it is possible to
calculate H:

I TR I
#6010 [ | o (&)

which reduces, for monofractal walks, to a (constant)
exponent. For fractional Brownian walkers we thus have
H=«a/2.

If a walker is obsened over all space,the evaluation of
eg. (1) is straightforward sincethe g-exponert is factored
out and H becomesa constart. On the other hand,
the evaluation is nontrivial when (| z|%(t)) is obsered
through a probing window. The presenceof a limited
spatial window of obsenation a ects the evaluation of the
g-th momerts by cutting o the tails of P(z,t):

1)

(I z*) =

/ /
—GG/22 dzo f—GG/22 dz |z — xo|? Py, (2, t) (o)

Gl 2 Gl 2
ot 2970 [ ) 5 Az P, (2, ) I(20)

The presenceof the integral over z( in eq. (2) stemsfrom
the fact that the obsenations are made over a collection
of random walkers, i.e., many members of the ensenble.
The motion is characterized by averaging over individual
behaviors which translates thus to an average over the
initial location of each individual. I(z) isthe probability
per unit distance of a walker to be located initially in zq
somewherenside the window of width G certered around
the origin. The cuto length G in eq. (2) represerts the
extent of the “niteness of the probing window. Our study
focuseson the e ects of G < cc.

In most situations, I(xzg) is a constart either becauseof
natural homogeneiy or becauseof our own ignorance of
the initial condition of the walker. Equation (2) can then
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Fig. 1: Hurst exponent H(q) as function of ¢ for a collection
of fractional Brownian walkers (o = 3/2 and b= 2% 2) observed
inside a spatial window of size G. From top to bottom the
curves are shown with decreasing value of the extent of the
probing window: the values of y (which is proportional to G,
see text) are 6.25, 2.5, 1.25, 0.25, respectively.

be simpli“ed and eg. (1) reducesto

n | CG2y®) = (%5%y°) g@oy)
Hg) = o, by (%2.b2y2)— (%2,b2y2) 9(y) 7
2 gIn (t2/t1)
y= G/\AD t,, b=(tz/t)) ?, &)
wherein  g(z)= mzerf(2)+ e 2 —1, and (v, z)=
o dte™'t ~1 is the incomplete Gamma function.

Equation (3) along with eq. (5) below represen the
primary expressionswe have derived and form the basis
of the main analysisin this paper.

It is clear from eq. (3) that the appearancein it of y,
therefore of the extent G of the probing window, makes
H(q) depend on the size of the window. A monofrac-
tal walk which in extended space would actually have a
constan (g-independent) H would beinterpreted asmulti-
fractal through an analysison the basisof eq. (3) precisely
for this reason.To make this apparert, we have plotted in
“g. 1 H(q) for dierent valuesof GG, which decreasesaswe
go down the curves from top to bottom. It is evident from
the plot how monofractal behavior can be erroneously
interpreted as multifractal. None of the curvesis constart
as ¢ is varied. For large ¢ valuesthe average (| z|%(t))
gives information about the tails of P(z,t). Finite G cuts
o thosetails. Higher momerts of P(x,t) quickly saturate
to the size of the window (oc G9). For su cien tly large q,
the momerts at time ¢, changeonly slightly from those at
time ¢;, making H(q) dece to zero proportionally to 1/q.
As G increases,H(q = 0) approaches «/2 and the region
wherethe curve is essetially "at gets larger, pushing the
in"ection point further out. Evertually H(q) reducesto
the constant «/2 for any ¢ if G — co. On the other hand,
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for G su cien tly small, the maximum disappearsand H (q)
decays monotonically to zero for large q.

A common characteristic of all the curvesin “g. 1 is
H(0) < /2. Even if the spatial window strongly a ects
the higher momerts, the renormalization of the window
cut-o also modi‘es the peak of P(x,t). Its small-q
momerts are modi“ed as well. This e ect can be veri‘ed
analytically by calculating the limit g— 0 in eq. (3). We
get H(0)= / 2+2[k(y)/g(y) —k(by)/g (by)]/ In(t2/t 1),
where k(z)= fo‘z dse*SQIn(s)(z—s). Since k(z)/g(2)
is a monotonic function of z and b>1, k(y)/g(y)—
k(by)/g (by) < 0 and thus H(0)< /2. Bounding infor-
mation on the possible values of and D, may also
be obtained by studying the Hurst exponert derivative
H’(g9g=d H(qg)/dgat q=0.

A thorough theoretical analysis of the e ects of limited
spatial obsenations in the context of animal movemens
was carried out recerly by someof the presern authors to
determine the home range of mice [18,19]. That analysis
led to the evaluation of the home range area, as well as
the diusion constart, in a mouse population obsened
in mark-recapture experiments in Panama [20] and New
Mexico [21]. We generalizehere that analysis to include
arbitrary momerts. T he presenceof the window makesthe
g-th momen saturate at large times. However, saturation
may also occur if the walkers themseles roam inside a
con“ned area. The classic example of such con“nement
is when ead individual of an animal population lives
inside its own home range [22]. In evaluating the g-th
momert one has to take into accourt the fact that
ead walker is con“ned to a dierent region of space
relative to the obsenation window. For this one takesan
additional averageover all possible certer positions x. of
the con“ning area [18], which we will considerhereto be
homogeneouslyplaced, for simplicity. We generalizehere
the “ndings of ref. [18] to fractional Brownian motion by
studying the full time dependenceof the momerts and
using it to estimate the Hurst exponert.

The reducedrandomnessassaiated with the con“ning
home range can be modelled [18] via a Fokker-Planck
equation [23] of the form

P (tx, t) _ D(t)x{ P (Xx, t) N du();X_XC)P(X, t)},
(4)

where the dimensionlessU is the con“ning potential
and the time dependenceof the di usion constart D (t)
represens the anomalousdi usion of the walker.

At short times, and independertly of the form of U, the
mean-squaredisplacemen grows as ~t%, while at long
times, it saturatesto a value assciated with the con“ning
potential and proportional to fjfj dxx?exp[-U(x —X.)].
In general,the choice of U should be assesseth ead case
on the basisof a priori knowledge of the speci“c animal
behavior. In light of our application to the Peromyscus
Maniculatus mark-recapture data [21] of New Mexico,
where the distribution of mice displacemerts over time

could be approximated with a Gaussian,we consider the
parabolic potential U(x)= x2/L 2, where L is the home
range dimension. In that case,

In {f(tz)}

_ f(t1)
H(a) = 2In (ta/t 1)
n |2 (GEE2) A (5502") s
. b’z'y(#,baz?)—'\/(#,bﬂﬁ) 9(2)
qln (t2/t 1) '
2= G (L\/Zf (tg)), W= V) (L), (5)

where f (t)=1 —exp[-2Dt*/L %|. Notice that eq. (5)
is a more general form of eq. (3) in that the quan-
tites b, y and in the latter are replaced by U, z
and Inf (t2)/f (t1)]/ [In (ta2/t 1)], respectively. As the home
range extent L becomesmuch larger than the length
v/Dt® which characterizes the (fractional Brownian)
motion, speci“cally, in the limit L2/D ,t* — oo, €q. (5)
reducesto the simpler eq. (3).

As an illustrativ e application of our theory we consider
the study of animal motion via mark-recapture obsena-
tions, which involvesanimals being trapped (and released)
periodically [9]. Traps are placed within an area which
is obviously “nite. When an animal is captured for the
“rst time, it is tagged and its position is recorded. If that
animal is subsequetly recaptured at t;, we obtain the
“rst displacemen x(t;). One more recapture of the same
animal at t, givesthe second displacemen x(ts). Our
theory canthus be applied. Details on how to renormalize
the distribution of displacemens given the discrete trap
locations may be found in ref. [21].

Data we have chosen for our illustrativ e application
are from a long-term (1994...2003)eld work study at
four sites in New Mexico [24] of the principal host of
the Hantavirus Pulmonary Syndrome, the deer mouse,
Peromyscus maniculatus. Animals were captured on a
monthly basisfor three consecutive nights on eat occa-
sion. Only those (adult) mice that were captured during
two consecutive nights (1070) or during the “rst and third
night (530) constitute the data we will use.We focus here
on the analysis of the mice motion along the East-West
direction [21]. This is becausethe data statistics alongthe
North-South direction turn out to be rather poor and do
not allow us to draw meaningful conclusionson the ano-
malousaspectsof their motion. Our analysisof the motion
should thus be consideredonly as an illustration. Further
obsenations would be necessaryin order to draw “nalized
conclusionsabout the anomalous aspects of Peromyscus
maniculatus in the New Mexico landscape.

Since the time during the night at which the various
mice were captured has an uncertainty at most of +6
hours, we obtain three dierent “ts to the experimen-
tal curve. One corresponds to the casein which all mice
are assumedto have been recaptured halfway through
the night both on the second(t; = 1 day) and third day
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H(q)

40 60 80 100
Fig. 2: Hurst exponent H(q) for the deer mouse, Peromyscus
maniculatus in New Mexico, obtained from mark-recapture
experiments. Corresponding to 3 different recapture scenarios
(see text), 3 different curves —two of them identical to each
other as the solid line— are obtained from a least-squares
fit of eq. (5). The fitting parameters are & and D with the
restriction that o < 2. Values of o that emerge (see text) show
that the motion is superdiffusive (o >1). The inset provides
a zoomed-in view of the 0 < ¢ < 23 region. The error bars are
obtained by using three different binning procedures.

(to = 2 days). The second case corresponds to all mice
assumedbeing recaptured at the beginning of the second
night (¢, =3/4 day) and at the end of the third night
(t2 =9 /4 days). The third situation may occur if all the
mice were recaptured at the end of the second night
(t1=5/4 day) and at the beginning of the third night
(t2 =7 /4 days). In “g. 2 we have plotted the Hurst expo-
nent with 3 dierent “ts. The solid, dashed and dotted
curves correspond, respectively, to the three possible
recapture scenarios discussedabove. The circles in “g. 2
represen the mean values of the experimental data with
their corresponding error bars. Three dierent binning
procedureshave beenusedto estimate the distribution of
experimental displacemerts. From theleast-squares't the
a parameters for the three recapture scenariosare 1.95,
2.00 and 1.71 and their corresponding D, s are, respec-
tiv ely, 2568,3285and 2185expressedn units of m? /day®.

The “tting apparertly shows superdi usiv e behavior.
However, eventhough all “tted curves are within reported
error bars, the x? is relatively large (~7...81073), and
none of the “tting exercisescaptures an important quali-
tativ e feature of the data ,the presenceof a maximum
particularly evidert in the inset for small g-values. Surely,
it is also possible that the mice motion is governed by
somekind of anomalousdi usion dierent from fractional
Brownian motion [25...27].

In summary, we have constructed the theory for inter-
preting data for fractional Brownian random walkers
when obsenations are con“ned within a region of space,
and considered eects of the walkers themselhes being

physically constrained within a limited region of space.
We have showvn how the Hurst exponent depends analyti-
cally on « and D, and on the home range dimensionand
the sizeof the probing window. In our application to data,
the statistics happen not to be clear enough to allow un-
ambiguously useful conclusionsbe drawn. Newerthelesswe
have shavn explicitly how to carry out the procedureand
have extracted the parametersa and D,,. Apparently, the
results tend to point to the mouse walks being super-
di usiv e in the casestudied and over the short time scale
of 1...2days analyzed. We hope that the theory we have
reported will be useful in characterizing the motion of
animals aswell asother random walkersin a wide variety
of “eld cortexts. Limited spatial obsenations, whether of
the mark-recapture type or of more sophisticated nature,
are often an inescapablefact of “ eld obsenations. There
should be no doubt that this characteristic of realistic
obsenations must be incorporated in estimation and
parameter extraction.

The new techniques for studying multifractalit y that
we have dewveloped here have other important physical
applications. We note, for example, the recen interest
in distinguishing geruine anomalous diusion from
Markovian correlated random walks [28]. In this cortext,
due consideration of the scales of the relevant probing
windows might leadto greater insight into such guestions.
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